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Representations of the components of the elastic-polarization matrices and the Wiener elastic capacity are obtained in terms of
the coefficients of the Kolosov-Muskhelishvili complex potentials and the coefficients of the conformal representation, which
define the geometry of an infinite elastic solid. A new integral characteristic of a rigid inclusion—the Roben matrix, whose
components are dimensiorless, is proposed for use in applied problems. Examples of calculations, which correct formulae published
previously elsewhere, are given. © 1998 Elsevier Science Ltd. All rights reserved.

1. THE POLARIZATION MATRICES AND WIENER CAPACITIES

An asymptotic analysis of problems of the interaction between cracks and inclusions in an elastic solid
leads to the need to investigate the integral characteristics of these defects, such as the elastic-polarization
matrices and the Wiener capacities. The latter are extensions of the corresponding classical objects from
the theory of harmonic functions {1].f In two-dimensional problems the Kolosov—-Muskhelishvili methods
enable one to calculate these quantities effectively. Nevertheless, a number of incorrect results have
been published (]3], etc. ) which i 1s also our purpose to correct here.

Suppose G is a region in the R? plane, bounded by a simple closed piecewise-continuous contour I'.
We will denote the (losed region G U I by G and we will put Q = RAG.

Consider the equations of the first fundamental problem of the two-dimensional theory of elasticity

HAu(X) + (A + ) grad div u(x) =0, x = (x;,x,) €Q (1.1)

e (u;x)=p(x), xeT (12)

0™ = (011 +612m, 61m + Gyomy)’
le = mk[(alul +32u2)+[.l(alu,‘ +3,‘u,), 3,‘ = a/axk

Here A, p are the Lamé constants, u = (i;, u,)’ is the column vector of dlsplacements, t is the sign of
transposition, o™ is the vector of the stresses on an area with unit normal n = (uy, up) to T (outward
with respect to ), oy are the components of the stress tensor, 8, is the Kronecker delta, and p = (py,
p>)’ is a specified vector of the external load.

To obtain the correct boundary-value problem, it is necessary to add to relations (1.1) and (1.2) the
condition which characterizes the behaviour of u(x) as | x | = (% + x%)'? - «.

We know that a unique solution of problem (1.1), (1.2) (apart from a rigid displacement), whose
components have no more than a logarithmic singularity at infinity, has the asymptotic representation

(2) (1) 3 .
u(x) = —T(x)F——z-{aT - (x)}+ 5 VIV ITGT +00x1?), Ixisos
2 J=1

1.3
V, =(3/dx,,d/9x,), x=(A+3WA+p)! (3

Here F = (F, F,)' and M are the principal vector and principal moment (with respect to the origin
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of coordinates) of the load p, V, is the Hamilton operator, the column vectors V¥(x) are such that
V(l)(x) = (x3, 0), VO(x) = (O, x,), V(%) = (x,, x,), and T® are the columns of the matrix

A+p u: t H t, ==2xInlx|+2x2 I x 2
T(x) = 1) 12 kk k
) smuL+2u) 821 ol 1, =ty =2x%, x| (1.4)

Matrix (1.4) defines the so-called [4] influence tensor in an unbounded elastic two-dimensional
medium. Here T® is the displacement vector of points of the elastic half-plane, loaded with a unit point
force applied at the origin of coordinates and directed along the Ox; (k = 1, 2) axis. The vectors V(’)(x)
(j = 1, 2, 3), together with the rotation V(4)(x) = (—xy, x;) form a basis in the space of homogeneous
vector polynomials of the first degree. Note that the expression in the braces on the right in (1.3) can
be written as [V*)(V,) T(x)]. Using the method proposed previously 3] the constants c; can be expressed
by the formula

¢; = l[ U (x)' p(x)ds, (1.5)

where U? are special solutions of homogeneous problem (1.1), (1.2), characterized at infinity by the
asymptotic form

U92(x)= VI x) + i PRV (VIT)Y +0(1x17), IxI—> e 1.6)
m=1

The symmetric matrix || P, llf-,n = 1 is called the elastic-polarization matrix [6]. Formula (1.5)
enables integral representations to be derived for the coefficients P,,. This justifies the term “integral”

used in the title of this paper.
When investigating the behaviour at infinity of the solutions of the second fundamental problem of

the two-dimensional theory of elasticity, in which Eq. (1.1) and the boundary condition

u(x)=g(x), xe I’ (1.7)

occur, where g = (g}, £2)’ is a specified displacement vector, special solutions S and $* of homogeneous
problem (1.1), (1.7), defined at infinity by the asymptotic form

$©x) =TOx)+D® +0(x (™), x> oo (1.8)

are used.

The symmetric matrix || D) ||7;-; with columns D) and D@ is called the Wiener elastic capacity
matrix [7).

The properties of these vectors, and also examples of their use were given in [6, 7).

2. AN EXPRESSION FOR THE COMPONENTS OF THE POLARIZATION
MATRIX AND THE WIENER CAPACITY IN TERMS OF THE
COEFFICIENTS OF THE COMPLEX POTENTIALS

We will introduce the complex variable z = x; + ix, and recall Kolosov’s formula for the displacements
2W(u; + iy )(2) = %9 (2) ~ 2903(2) — ¥, (2) 2.1

where the prime denotes differentiation with respect to z and the bar denotes the operation of complex
conjugation. Assuming that the components of the stress tensor are bounded over the whole region Q,
the following expansions [8, Section 36] hold for the complex potentials for sufficiently large | z |

¢, (2)=—fInz+az+aq, +3z'~'+..., \,f,(z)=chlnz+b,z+b0 +%—'+... (22)
fotitih

2n(l+ %)
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In the problem of calculating the components of the polarization matrix (see (1.6)) we must put F;
= F, = 0 and also xa;, ~ by = 0. Correspondingly, substituting (2.2) into (2.1) we obtain

a7 -6z  aP?

ZP.(UIU) + iU;j) )z) = (ml(j) _ E](f))z _ El(j)z + > |2 ” l4 (23)
We will compare (1.6) and (2.3). The term V¥(x)' defines the coefficients a{ and b{”
a = %< A+, b = =12 of =0, b =izn 24
Comparing terms of the order of | z |! we have
T +2U) , 2m(A+21) i _
P, = ———u—-“—bﬁfp +(-D* S Re a, k=12 (2.5)

27(A +21) N
Py = matl. j=123

Note that the coefficients b% must necessarily be real, since its imaginary part, apart from a
factor (see, for example, [8, Section 56a, Paragraph 5]) is equal to the moment of the load
pP(x) = ~a™(VO(x)"), which is statically self-balanced.

In the problem of calculating the components of the Wiener capacity matrix (see (1.8)) we must take
a; = by = 0 in (2.2). Substituting (2.2) into (2.1) we obtain the relation

) (B 2
_x(ﬁ(k)'*‘"’z(k))ln‘ I+Fl(k)_,F2() z2+ W _p
o+ %) 2n(l+%) lzf

E® =5, 1=12 (2.6)

205 + SV ) () =

Separating the sum T/ + iT{% on the right in (2.6) (see (1.4)), we compare it with (1.8). We
obtain

51k + i62k

k) _ (k) —_
+ -5y, k=12 2.7
2y 0T (2.7)

2u(DR +iDfPy =~

Note that one of the complex constants a{®, b{"’ can be equated to zero, thereby reducing a number
of unknowns on both sides of (2.7) to equality.

3. THE USE OF A CONFORMAL TRANSFORMATION

Suppose the region Q is in the form of the exterior | { | > 1 of the unit circle with the conformal
representation

z=(0)=cl+ ;{7 + 002+ .. 3.1)
Substituting the expression from the right-hand side of (3.1) into (2.2) instead of z we obtain
0 = @i[a©) =-fIn L+ AL+ Ag+ A LM+ (3:2)
WO =wlo©)] =% fin § + Bi§ + By + By l+...
Ay=cay, Bj=cb 3.3)

Here the following relations occur between the coefficients of the potentials ¢(£) and ¢,(z), w({) and
vi(z)
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ag=flnc+4Ay, by=-xflnc+By; a_=cA,-cA, b, =cB,-¢B (3.4)

Hence, instead of (2.5) we have the following expressions for the components of the polarization
matrlx

By = 1‘_(_7%&2(0393 -8+ (-1 2—”%"{25—@ Re(cAY - AD), k=12 (35)
21\ +2 ; ;
1 =T§-Txﬁlm(“f’n’ —aA?), j=1,23
The constants 4%, BY), by (2.4) and (3.3), take the values
4’ = :i.-(u we, B =(-Dpe, j=12 AP=0 B =izpc (3.6)

Correspondingly, we can derive the following formula for the components of the Wiener capacity
matrix, which generalizes (2.7)

B Bt (1 _syinlcly+ xA® - B®, k=12 37
x4y - (3.7

20D +iD{Py = - "2
WD +iDy") === i+ )

Suppose now that Q is the transform of the 1ntenor | | < 1 of the unit circle with a conformal
representation corresponding to replacing { by ¢! on the right-hand side of (3.1). As before, we
express the components of the polarization matrix and the Wiener capacity in terms of the potential
coefficients and the conformal representation. For example, for the components of the polarization
matrix regresentatlons hold which differ from (3 S) bz the replacement of A (’) A(’) and B(’) BU)
by a(’) o ) and B(’) BY W respectlvely, where a ) and B are the coefficients of C m the expansmns
of the potentlals a(f) and B, 0, ie.

a‘.’i’=5(7~+u)c. BY =(-1Ype, j=12; a =0, pY =i2pc

These formulae enable one to use ready results, obtained previously [10, etc.].

4. EXAMPLES

Suppose the region Q, which does not contain the origin of coordinates, is the transform of the exterior of the
unit circle in the conformal representation

z=0Q)=cl+eV +c{? (4.1)

In the problem of constructing the matrix of the Wiener elastic capacity, the potentials (3.2) can be written as

8 +id #(8y —i8y;)
(k) Ok ROk (k) (k) 1k ~F02% (k)
(0= Py )lnc+¢p ©, v"W(©= = niem P Ing+yg " (©) 4.2)

where @f® and y§ are holomorphic functions outside the unit circle, including an infinitely distant point, i.e.

oPQ=AP +aR¢ v, yPO=BP+BR +.., k=12 (4.3)

Using the fact that one of the constants A§?, B can be assumed to be equal to zero, we put ALY = 0 (k = 1, 2).
The homogeneous boundary condition (1.7) for the complex potentials (see [8, Section 51]), taking (4.2) into account,
has the form

() (5 - (0 Y oy _ B gy Stk =B O)
%07 () AL (©)=¥o (O == o) '(5) lol=1 (4.4)
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Here, by (4.1)

o) ¢ o’ +¢0+Cy
w(0) o%(E-5o%-250")

The following functional Muskhelishvili functional equation for determining the function ¢f corresponds to
boundary condition (4.4)

o)L [ 0O 7y 49 _ Bu—ily | o) do 45

00 ©® I s@® Pt 2maem ) Co@ 0L “)
where ¢ is an arbitrary point outside the unit circle and y is the circle | o | = 1. Since the expression [o(c)/w'(6)] o (o)
is the boundary value of the function

c? +ok+cy (p(") [1]
E-58%-258%) ¢

which is holomorphlc inside the unit circle, the integral on the left-hand side of (4.5) is equal to zero. On the other
hand, the expression under the integral on the right-hand side in (4.5) is the boundary value of the function

I TR, (46)

(20 __ g3 +el+cy
_,( 1) LE~52 -268%)

=c—_2--é-+
5 c

g

which is holomorphic inside the unit c1rclcf with the exception of the origin of coordinates, where it has a pole of
the first order with principal part c,c 2. Consequently, by (4) from [8, Section 80), we obtain

() (ry=-dk I8 &2 1 |
% Q= e T L 4.7

We will now consider boundary condition (4.4). We substitute expressmn (4.7) into it and take into account
expansion (4.6), whmh is applicable when | § | = 1. We arrive at a relation in which, by comparing the coefficients
of 6%, we obtain BY). Finally, formula (3.7) gives

. 2 . .
2”(1)](‘:) +iD§k)) - alk +182k 1-2xInlc |_l ICZ '2 _ slk ‘52k €
270(1+ %) % lcl 2n(1+2) lcl

In expanded form, for the case (4.1), the matrix of the Wiener capacity looks like (compare with [2], formula
(6), where, in particular, there are no terms with the factor | ¢, |2)

D(l) D(2) R(l) R(2)
41tpt(l+x)“ by hl=2xiniclE-f T L, (4.8)
D p@® RY R
1lc,1? cc
R =14(-1 "*‘Re(“‘) -2, RV=R?P= 1m(—-5—) 4.9
k b 1 ) % 1ei? Il 49)

where E is the identity matrix.
In the problem of calculating the components of the elastic polarization matrix, we can represent the potentials
(3.2) as follows:

oV Q=A%+ ), v (O =BL+y{ )

where ¢§’ and y§” are functions, holomorphic outside the unit circle, including an infinitely distant point, possessing
expansions of the form (4.3). In view of the asymptotic form (1.6) the constants 4,"’ and B§” must be related by
the expression x4,% - B§) = 0 (j = 1, 2, 3). In the same way as above, we obtain (compare with [3], where, in
particular, there are no terms with the factor | ¢, %)

e =i
A =_FD 4o B (4.10)
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; A1 e 2 il de? | 26 =) §
BY =AWy A 202 A S 2 B CL
-1 Pler ' o2 2 ! e? et c

Formulae (4.10), (3.5) and (3.6) solve the problem of determining the components of the elastic polarization
matrix in case (4.1).

5. THE ROBEN MATRIX

The quantity | ¢ |, where c is the coefficient in expansion (3.1), is called (see [1, Section 1.3]) the external
conformal radius of the closed region G, and has dimension of length. If 7 is the radius of the largest
circle which is contained in G and R is the radius of the smaller circle which is contained in G, we have
the limits: r < | ¢ | < R (see, for example, [10, Section 4, problem No. 123]).

In applied investigations it is preferable to write the asymptotic formula (1.8) in the form

By =0 L) _2¥H__ R""*‘O(—L) (X} o0
§T =T (Icl) ML + 211) xl)

where the logarithm of the dimensionless quantity is calculated.
The symmetric matrix || R® ”sz=1 with columns R and R@ is called the Roben matrix, by analogy
with the Roben constant [11, Section 3, Chapter 4].

The mapping z = o(§) = | ¢ [({ + m{™) transfers the exterior of the unit circle into the region Q, the boundary
of which is an ellipse with semiaxes | ¢ [(1 + m) and | ¢ [(1 — m). Using the explicit solution [8, Section 83a), we
obtain R = diag {1 + m, 1 —m}. This matrix uses the property of positive definiteness when | m | = 1, corresponding
to the degeneration of the ellipse into a segment.

If the geometry of the region Q is specified by the conformal representation (4.1), the elements of the Roben
matrix are defined by (4.9). We will show that when ¢, # 0 the Roben matrix is positive definite (this cannot be
proved for the general case). In fact, by the area theorem (see, for example, [11, Chapter 2, Section 4, p. 49])

12

lel =l 2 42l e, (5.1)

Consequently | ¢,¢”!| < 1 and the following relations hold

2 2 2 2 2
el LR 1y el LigR _1f 1aP 2lql 62)
lel % lcl 2 leb % lel

lel % lel? ™2
The expression on the right of the equality sign in (5.2) is positive by virtue of (5.1) and the condition x > 1.
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